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Abstract. The objective of this paper is to formulate two distinct supersymmetric 
(SUSY) extensions of the Gauss-Weingarten and Gauss-Codazzi (GC) equations for 
conformally parametrized surfaces immersed in a Grassmann superspace, one in terms 
of a bosonic superfield and the other in terms of a fermionic superfield. We perform 
this analysis using a superspace-superfield formalism together with a SUSY version 
of a moving frame on a surface. In constrast with the classical case, where we 
have three GC equations, we obtain six such equations in the bosonic SUSY case 
and four such equations in the fermionic SUSY case. In the fermionic case the 
GC equations resemble the form of the classical GC equations. We determine the 
Lie symmetry algebra of the classical GC equations to be infinite-dimensional and 
perform a subalgebra classification of the one-dimensional subalgebras of its largest 
finite-dimensional subalgebra. We then compute superalgebras of Lie point symmetries 
of the bosonic and fermionic SUSY GC equations respectively, and classify the one- 
dimensional subalgebras of each superalgebra into conjugacy classes. We then use 
the symmetry reduction method to find invariants, orbits and reduced systems for two 
one-dimensional subalgebras for the classical case, two one-dimensional subalgebras for 
the bosonic SUSY case and two one-dimensional subalgebras for the fermionic SUSY 
case. We find explicit solutions of these reduced SUSY systems, which correspond to 
different surfaces immersed in a Grassmann superspace. Within this framework for 
the SUSY versions of the GC equations, a geometrical interpretation of the results is 
discussed. 
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In the last three decades, a number of supersymmetric (SUSY) extensions of classical 
and quantum mechanical models, describing several physical phenomena, have been 
developed and group-invariant solutions of these SUSY systems have been found (e.g. 
[l]-[4]). Recently, this method was further generalized to encompass hydro dynamic-type 
systems (see e.g. [5]-[8]). Their SUSY extensions were established and their group- 
invariant solutions were constructed. SUSY versions of the Chaplygin gas in (1+1) and 
(2+1) dimensions were formulated by R. Jackiw et al, derived from parametrizations 
of the action for a superstring and a Nambu-Goto membrane respectively (see 
[9] and references therein). It was suggested that a quark-gluon plasma may be 
described by non-Abelian fluid mechanics [10]. In addition, SUSY extensions have 
been formulated for a number of integrable equations , including among others the 
Korteweg-de Vries equation [11]-[14], the Kadomtsev-Petviashvili equation [15], the 
Sawada-Kotera equation [16] and the sine-Gordon and sinh-Gordon equations [17]-[24], 
Various approaches have been used to construct supersoliton solutions, such as the 
inverse scattering method, Backhand and Darboux transformations for odd and even 
superfields, Lax formalism in a superspace and generalized versions of the symmetry 
reduction method (SRM). A number of supersoliton and multi-supersoliton solutions 
were determined by a Crum-type transformation [19],[21],[25] and it was found that 
there exist infinitely many local conserved quantities. A connection was established 
between the super-Darboux transformations and super-Backlund transformations which 
allow for the construction of supersoliton solutions [11],[13],[16],[17],[20],[22],[24], 

Despite the progress made in the investigation of nonlinear SUSY systems, this 
area of mathematics does not yet have as solid a theoretical foundation as the classical 
theory of differential equations. This is related primarily to the fact that, due to the 
nature of Grassmann variables, the principle of superposition of solutions obtained from 
the method of characteristics cannot be applied to nonlinear SUSY systems. In most 
cases, analytic methods for solving quasilincar SUSY systems of equations lead to the 
construction of classes of solutions that are more restricted than the general solution. 
One can attempt to construct more restricted classes of solutions which depend on some 
arbitrary functions and parameters by requiring that the solutions be invariant under 
certain group transformations of the original system. The main advantages of the group 
properties appear when group analysis makes it possible to construct regular algorithms 
for finding certain classes of solutions without referring to any additional considerations 
but proceeding directly from the given system of partial differential equations (PDEs). 
A systematic computational method for constructing the group of symmetries of a given 
system of PDEs has been developed by many authors (see e.g. G. W. Bluman and S. 
C. Anco [26], P. A. Clarkson and P. Winternitz [27], P. Olver [28], and D. Sattinger and 
O. Weaver [29]) and a broad review of recent developments in the SUSY theory can be 
found in several books (e.g. J. F. Cornwell [30], B. DeWitt [31], D. S. Freed [32], V. Kac 
[33] and V. S. Varadarajan [34]). The methodological approach adopted in this paper 
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is based on the use of the SRM to find solutions of the PDEs which are invariant under 
subgroups of a Lie supergroup of point transformations. By a symmetry supergroup of 
a SUSY system of PDEs, we mean a local SUSY Lie supergroup G transforming both 
the independent and dependent variables of the considered SLISY system of equations in 
such a way that G transforms given solutions of the system to new solutions of the same 
system. The Lie superalgebra of such a supergroup is represented by vector fields and 
their prolongation structures. The standard algorithms for determining the symmetry 
algebra of a system of equations and classifying its subalgebras have been extended in 
order to deal with SUSY models (see e.g. [33],[35],[36]). 

Recent studies of the geometric properties of surfaces associated with holomorphic 
and non-holomorphic solutions of the SUSY bosonic Grassmann sigma models have 
been performed [37]-[39]. A gauge-invariant formulation of these SUSY models in terms 
of orthogonal projectors allows one to obtain explicit solutions and consequently to 
study the geometry of their associated surfaces. In differential geometry, parametrized 
surfaces are described in terms of a moving frame satisfying the Gauss-Weingarten 
(GW) equations, which are linear PDEs. Their compatibility conditions are the Gauss- 
Codazzi (GC) equations. A representation of nonlinear equations in the form of the 
GC equations is the starting point in the theory of integrable (soliton) surfaces arising 
from infinitesimal deformations of integrable differential equations and describing the 
behaviour of soliton solutions. The construction and analysis of such surfaces associated 
with integrable systems in several areas of mathematical physics provide new tools for 
the investigation of nonlinear phenomena described by these systems. In this setting, 
it is our objective to perform a systematic analysis of SUSY versions of the GW and 
GC equations. The formulation of a SUSY extension of the GW and GC equations has 
already been accomplished for the specific case of bosonic Grassmann sigma models [37]. 
It is of considerable interest to consider such extensions for the general case of the GW 
and GC equations. 

The purpose of this paper is to formulate two distinct SUSY extensions of the 
GW and GC equations, one using a bosonic superfield and the other using a fermionic 
superfield, for conformally parametrized surfaces in the superspace R( n d n /). The SLISY 
versions of these equations are formulated through the use of a superspace-superfield 
formalism. The considered surfaces are parametrized by the vector field T and the 
normal vector field A f, which are replaced in the SUSY version by their corresponding 
superfields F and N in R( n d n /). This allows us to formulate the SUSY extensions of the 
structural equations for the immersion of conformally parametrized surfaces explicitly 
in matrix form. We establish explicit forms of the SUSY GW equations satisfied by 
the moving frame on these surfaces. The result is independent of the parametrization. 
This allows us to examine various geometric properties of the studied immersions, such 
as the first and second fundamental forms of the surfaces (and therefore the mean and 
Gaussian curvatures). 

The paper is organized as follows. The symmetry algebra of the classical 
GC equations is determined and a subalgebra classification of its one-dimensional 
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subalgebras is performed in section 2. In section 3, we introduce the basic properties 
of Grassmann algebras and Grassmann variables and introduce the notation that will 
be used in what follows. In section 4, we construct the bosonic and fermionic SUSY 
extensions of the GW and GC equations. In section 5, we discuss certain geometric 
aspects of the conformally parametrized SUSY surfaces. We provide expressions for 
the first and second fundamental forms and the Gaussian and mean curvatures, which 
are required for a geometrical interpretation of the invariant solutions. In section 6, we 
determine Lie superalgebras of point symmetries of the SUSY GC equations for both the 
bosonic and fermionic cases. Section 7 involves a classification of the one-dimensional 
subalgebras of both Lie superalgebras into conjugacy classes. In section 8, we provide 
examples of invariant solutions of the supersymmetric Gauss-Codazzi equations obtained 
by the SRM. Finally, in section 9, we present the conclusions and discuss possible future 
developments in this held. 


2. Symmetries of conformally parametrized surfaces 

The system of PDEs describing the moving frame = (dJ r ,Bj r ,N) T on a smooth 
conformally parametrized surface in 3-dimensional Euclidean space satisfies the following 
GW equations 

an = uo, Bn = v 2 n, (2.1) 

where the matrices V\ and V 2 are given by 



( Bu 

0 

Q } 


f 0 

0 

\He u \ 

Ui = 

0 

0 

\He u 

, u 2 = 

0 

Bu 

Q 



-2 Qe~ u 

0 j 


l -2 Qe~ u 

- H 

0 / 


Here d and d are the partial derivatives with respect to the complex coordinates 
z = x + iy and z = x — iy, respectively. The conformal parametrization of a surface is 
given by a vector-valued function T = (W, W>, W 3 ) : 77 —* M 3 (where 77 is a Riemann 
surface) which satisfies the following normalization for the tangent vectors BJ- and Bj- 
and the unit normal TV" 

(aw BT) = (aw Bt) = 0, (aw aw = r2 

(au, a/") = (aw ao = 0, (Af, ao = 1. 1 ' ’ 

We define the quantities 

Q = (<9 2 W\A0 e C, H = 2e~ u {dBF,Af) el, (2.4) 

where Qdz 2 and Qdz 2 are the Hopf differentials and H is the mean curvature function. 
Here, the bracket (•, •) denotes the scalar product in 3-dimensional Euclidean space R 3 

(a, b) = aibi + a 2 b 2 + a 3 6 3 . (2.5) 

So, the GW equations for a moving frame f! on a surface have to obey the following 
system of equations 

<9 2 W = BuBT + QAO BB? = \He u N, B 2 I = BuBT + QM, 

BN = -HBJ= - 2e~ u QB7 , BN = -2e~ u QBT - HBT. 


( 2 . 6 ) 
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The first and second fundamental forms are given by 



= e 



(2.7) 


and 


H = (d 2 F,Af) = 


Q + Q + e u H i(Q — Q ) 

i(Q — Q) ~{Q + Q ) + e u H 



( 2 . 8 ) 


respectively. The principal curvatures k\ and k 2 are the eigenvalues of the matrix 


B = e 


Q + Q + e u H 

i{Q - Q) 


i(Q-Q) 

~(Q + Q) + e u H 


We obtain the following expressions for the mean and Gaussian curvatures 
H = i(k 1 + k 2 ) = ±tr(B), 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


JC = k\k 2 = det (B) = H 2 - 4 QQe~ 2u . 

Umbilic points on a surface take place when H 2 — K, = 0 which implies that \Q\ 2 = 0. 
The compatibility conditions of the GW equations (2.1) are the GC equations 

dV 1 -dV 2 + \y 1 ,V 2 ] = 0, (2.12) 

(the bracket [•, •] denotes the commutator) which reduce to the following three 
differential equations for the quantities Q, H and e u 

ddu + \H 2 e u — 2 QQe~ u = 0, (the Gauss equation) 


dQ — \e u dH = 0, dQ — \e u dH = 0 (the Codazzi equations). 


(2.13) 


These equations are the necessary and sufficient conditions for the existence of 
conformally parametrized surfaces in 3-dimensiona.l Euclidean space M 3 with the 
fundamental forms given by (2.7) and (2.8). A review of systematic computational 
methods for constructing surfaces for a given moving frame can be found in several 
books (e.g. [40]-[44]). Equations (2.1), (2.2) and (2.13) allow us to formulate explicitly 
the structural equations for the immersion directly in matrix terms. However, it is non¬ 
trivial to identify those surfaces which have an invariant geometrical characterization 
[41],[45]. The task of finding an increasing number of solutions of the GW and 
GC equations is related to the group properties of these systems of equations. The 
methodological approach adopted here is based on the SR.M for PDEs invariant under a 
Lie group G of point transformations. Using the Maple program, we find that the 
symmetry group of the classical GC equations (2.13) consists of conformal scaling 
transformations. The corresponding symmetry algebra C\ is spanned by the vector 
fields 


X(rj) = rj{z)d g + rj'(z)(-2Qd Q -Udu), 
Y{ C) = C(z)d- Z + C\z){-2Qd Q - Udu), 
eo = —HOh + Q9q + Qdq + 2Udjj, 


(2.14) 
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where ?/(•) and £'(•) are the derivatives of r)(-) and £(•) with respect to their arguments 
and where we have used the notation e u = U. The commutation relations are 

\X(vi),X(ri 2 )\ = (V 1 V 2 ~ V[m)d z + (V 1 V 2 - ViV")( 2 QdQ + Udu), 

[h'(Ci), y(Ca)] = (oa - C[( 2 )d- Z + (CfC 2 - CiC2)(2 Q9q + Udu), (2.15) 

[X(v), >-(0] = 0, [X( V ), e 0 ] = 0 , [Y(0, e 0 ] = 0 . 

Since the vector holds X(rj ),Y(£) and eo form an Abelian algebra, they determine 
that the algebra C\ can be decomposed as a direct sum of two infinite-dimensional Lie 
algebras together with a one-dimensional algebra generated by eo, he. 

Ci = {X(r})}(B {¥({)} &{<%}. (2.16) 

This algebra represents a direct sum of two copies of the Virasoro algebra together with 
the one-dimensional subalgebra {eo}. Assuming that the functions r) and ( are analytic 
in some open subset V C C, we can develop rj and ( as power series with respect to 
their arguments and provide a basis for C\. The largest finite-dimensional subalgebra 
Li of the algebra is spanned by the seven generators 

eo = —H 8 h + Q9q + QOq + 2 Udu, 

ei = d z , e 3 = zd z - 2Qd Q - Udu, e 5 = z 2 d z - AzQd Q - 2zUd v , (2.17) 

en = d z , e 4 = zd z - 2Qdq -Udu, e 6 = z 2 d z - AzQdq - 2 zUdu, 

with non-zero commutation relations 

[ei, e 3 ] = ei, [e 4 , e 5 ] = 2 e 3 , [e 3 , e 5 ] = e 5 , ^ lg v 

[^ 2 , 64 ] = 62 , [e 2 ,eg] = 2 e 4 , [e 4 ,eg] = e&. 

This seven-dimensional Lie subalgebra L\ can be decomposed as a direct sum of two 
simple subalgebras together with a one-dimensional algebra generated by eo, 

L\ = {e 4 , e 3 , e$} © {e 2 , e 4 , ee} © {eo}- (2-19) 

Therefore, the classihcation of the subalgebras of L 4 consists of two copies of a 3- 
dimensional Lie algebra together with the center {eo}. This 3-dimensional Lie algebra 
corresponds to the algebra A 3 8 in the classihcation of J. Patera and P. Winternitz [46] 
which is isomorphic to su(l, 1). The resulting classihcation of the subalgebras of L\ into 
conjugacy classes, performed according to the methods described in [36], is given by the 
following list of representative subalgebras L ij 

Lip = {eo}, L 11 = {ei}, Lift = {e 3 }, Ly 3 = {e 4 + es}, 

Li, 4 = {e2}, Li,5 = {^ 4 } j Lift = {e2 + e^}, 

Lift = {e 4 + ee2}, L 18 = {e 4 + ee 4 }, Lift = {e2 + e^ + ee 4 }, ( 2 . 20 ) 

-hi,10 — {e 3 + 662}, Li, 11 = {e 3 + ae 4 }, -hi,12 = {e2 + e§ + ae 3 }, 

-hi,i 3 = {ei + es + ee 2 }, -hi,i 4 = {ei + e$ + ae 4 }, L 1,15 = {ei + e§ + a(e 2 + e&)}, 

where e = ±1 and a ^ 0 are parameters. The center of Li, {e 0 }, can be added to 

any of the subalgebras given above, say L ( 3 = {A}, to produce a twisted subalgebra 
of the form L[ ■ = {A + be 0 }, where b ^ 0. The symmetry reductions associated with 
the subalgebras (2.20) lead to systems of ordinary differential equations (ODEs). These 
reduced systems were analyzed systematically as a single generic symmetry reduction 
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in [47], where the GC equations (2.13) were reduced to the most general Painleve P 6 
form (containing two or three arbitrary parameters). 

In the following sections, the symmetry properties of the classical GW and GC 
equations are compared with their bosonic and fermionic SUSY counterparts. 


3. Preliminaries on Grassmann algebras 


The mathematical background formalism is based on the theory of supermanifolds as 
presented in [30]-[34],[48]-[52] and can be summarized as follows. The starting point 
in our consideration is a complex Grassmann algebra A involving a finite or infinite 
number of Grassmann generators (£ 4 , £ 2 , •■•)• The number of Grassmann generators of A 
is not essential provided that there is a sufficient number of them to make any formula 
encountered meaningful. The Grassmann algebra A can be decomposed into its even 
and odd parts 

A = A even + A odd , (3.1) 

where A even includes all terms involving a product of an even number of generators £*., i.e. 
1 , £i£ 2 , £i£ 3 , ..., while A odd includes all terms involving a product of an odd number of 
generators £&, i.e. £ 1 , £ 2 , £ 3 , £i£ 2 £ 3 , ••• The elements of A are called supernumbers. 

The even supernumbers, variables, fields, etc are assumed to be elements of the 
even part A even of the underlying abstract real (complex) Grassmann ring A. The 
odd supernumbers, variables, fields, etc lie in its odd part A odd . In the context of 
supersymmetry, the spaces A and/or A even replace the held of complex numbers. The 
Grassmann algebra can also be decomposed as 


where 


A = A 


body 


A 


souh 


(3.2) 


h-body = A°[6.?2. --] — C, A„*| = £A*|£l, &,...]• (3.3) 

Here A 0 [£ ( , £ 2 , •••] refers to all terms that do not involve any of the generators £,, while 
A fc [£i, £ 2 ,...] refers to all terms that involve products of k generators (for instance, if 
we have 4 generators £ 1 , £ 2 , £. 3 , £ 4 , then A 2 [£i, £ 2 , £ 3 , £ 4 ] refers to all terms involving £i£ 2 , 
£i£ 3 , £i£ 4 , £ 2 £ 3 , £ 2£4 or £ 3 £ 4 ). The bodiless elements in A sou i are non-invertible because 
of the Tjf -grading of the Grassmann algebra. If the number of Grassmann generators 
is finite, bodiless elements are nilpotent of degree at most ib In this paper, we assume 
that & is arbitrarily large but finite. Our analysis is based on the global theory of 
supermanifolds as described in [53]-[55]. 


Next, in our consideration, we use a Z 2 -graded complex vector space V which has 
even basis elements tq, i = 1 , 2 and odd basis elements fi = 1.2..V. and 
construct W = A < 8 >c V. We are interested in the even part of W 

even "f / / ; YY Y / , Qy 'Cj, | (2,; G A e7;en , G A odd 


(3.4) 
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Clearly, W even is a A even module which can be identified with Afff n x A(consisting of 
N copies of Aeven, and M copies of A odd ). We associate with the original basis, consisting 
of Ui and v M (although ^ W even ), the corresponding functionals 



and view them as the coordinates (even and odd respectively) on W even . Any topological 
manifold locally diffeomorphic to a suitable W even is called a supermanifold. 


The transitions to even and odd coordinates between different charts on the 
supermanifold are assumed to be even- and odd-valued superanalytic or at least G°° 
functions on W even . A comprehensive definition of the classes of supersmooth functions 
G°° and superanalytic functions G u can be found in [55], definition 2.5. We note that 
superanalytic functions are those that can be expanded into a convergent power series in 
even and odd coordinates, whereas the definition of the G°° function is a more involved 
analogue of functions on manifolds. Any G°° function can be expanded into products of 
odd coordinates in a Taylor-like expansion but the coefficients, being functions of even 
and odd coordinates, may not necessarily be analytic (see e.g. [55]). 


The super-Minkowski space can be viewed as such a supermanifold globally 
diffeomorphic to A'ff en x Af dd with even light-cone coordinates x + ,X- and odd 
coordinates 9 + ,9 Here x + and a;_ are linear combinations of terms involving an even 
number of generators : 1,66,66,66, •••,66,66, •••, 6666, ••• On the other hand, 
9 + and 9~ are linear combinations of terms involving an odd number of generators : 
6,6,6,6, •••,666,666,666,666, ••• The SUSY transformation (4.5) and (4.6) 
in the next section can be viewed as a particular change of coordinates on Kb 1 ' 1 ! 2 ) which 
transforms solutions of the SUSY GW equations (4.20) and SUSY GC equations, (4.36) 
respectively, into solutions of the same systems in new coordinates. A smooth superfield 
is a G°° function from R( n d n /) to A (where rq, and rif are the numbers of bosonic and 
fermionic coordinates, respectively), ft can be expanded in powers of the odd coordinates 
9 + and 9~ giving a decomposition in terms of even superfields 


Xe 


■ A x2 A 

. i 7 IVp 


and odd superfields 


Xodd • A 


x2 

even 


A 


odd • 


In this paper, we use the convention that partial derivatives involving odd variables 
satisfy the Leibniz rule 

de±(hg) = + (-l) d " ( '*>/ 1 (9„ ±9 ), 


(3.7) 
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deg(/i) = 


0 if h is even, 
1 if h is odd, 


and we have used the notation 


(3,8) 


=S„- («»+/)■ (3.9) 

The partial derivatives with respect to the odd coordinates satisfy dgi 6 3 = 5/ where 
the indices i and j each stand for + or — and 5/ is the Kronecker delta function. The 
operators d e ±, J± and D±, in equations (4.3) and (4.4) change the parity of a bosonic 
function to a fermionic function and vice versa. For example, if (f is an even function, 
then do+4> is an odd superfield while dg+dg-cf is an even superhcld and so on. The chain 
rule for a Grassmann-valued composite function f(g(x + )) is 
df dg df 

< 3 ' 10) 

The interchange of mixed derivatives (with proper respect to the ordering of odd 
variables) is assumed throughout. For further details see e.g. the books by Cornwell 
[30], DeWitt [31], Freed [32], Varadarajan [34] and references therein. 


4. SUSY extensions of the GW and GC equations 

The purpose of this section is to establish two different SUSY extensions of the GW 
and GC equations, one using a bosonic superfield representation and the other using a 
fermionic superfield representation of a surface in a superspace (IKh 2 'i|2) for the bosonic 
extension and for the fermionic extension). Let S be a smooth simply connected 

surface in a Minkowski superspace with the bosonic light-cone coordinates x + = |( t+x ) 
and X- = \{t — x) together with the fermionic (anti-commuting) variables 9 + and 9~ 
such that 

(9+) 2 = (9 ~) 2 = 9 + 9~ + 9~9 + = 0. (4.1) 

We assume that the surface S is conformally parametrized by a vector-valued superfield 
F(x+, X-, 9 + , 9~) (bosonic in the case of the bosonic SUSY extension, fermionic in the 
case of the fermionic SUSY extension,) which can be decomposed as 

F = F m (x + , xY) + 9 + ip m (x + , xY) + 9~if m (x+, xY) + 9 + 9~G m (x + , x_), m = 1 , 2 , 3(4.2) 

For the bosonic SUSY extensions, the functions F m and G m are bosonic (even 
Grassmann)-valued, while the functions (p m and xfm are fermionic (odd Grassmann)- 
valued. Conversely, for the fermionic SUSY extension, the functions F m and G m are 
fermionic-valued, while the functions <p m and ifm are bosonic-valued. Here, the fields 
F m , Ym and G m are the four parts of the truncated power series with respect to 9 + 
and 9~ of the rn th component of the vector superfield F. Power series with respect to 
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6 + and 9 are truncated since the fermionic variables 6 + and 6 satisfy (4.1). Also, let 
D + and D_ be the covariant superspace derivatives 

D ± = d e ±-i9 ± d x± . (4.3) 

The covariant derivatives D± have the property that they anticommute with the 
differential SUSY operators 

J + = d e + + id + d x+7 J- = d e - + id~d x _ , (4.4) 

which generate the SUSY transformations 

x + —» x + + ig 9 + , 9 + —» 6 + + it] , (4.5) 

and 


a;_ —* , 6 —> 6 +irj_, (4.6) 

respectively. Here rj and rj are odd-valued parameters. The four operators, _D + , £)_, 
J + and J_ satisfy the anticommutation relations 


{ d ;i . d nj ) 2i5 mn d Xrn , 2iS mn d Xm , {T m , 0, m, n 1,2 (4.7) 

where 4^- is the Kronecker delta function and {•, •} denotes the anticommutator, unless 
otherwise noted. Here, the values 1 and 2 of the indices m and n stand for + and —, 
respectively. Therefore we have the following relations 

D\ = -id±, J% = id±. (4.8) 

The conformal parametrization of the surface S in the superspace R( n6 l n /) j s assumed 
to give the following normalization of the superfield F 


{DiF , DjF) = gij f , i,j = 1, 2. (4.9) 

Here the values 1 and 2 of the indices i and j stand for + and —, respectively. The 
scalar product (•, •) in (4.9) is defined in the same way as in equation (2.5), taking into 
account the property (4.1) regarding the odd-valued variables 9 + and 9~ , and taking 
values in the Grassmann algebra A. Hence the bosonic functions gi 3 of x + , x_, 9 + and 
9~ are given by 

9u = .9 12 = 2 ^ .921 = 922 = 0, (4-10) 

where e = —1 in the bosonic case and e = 1 in the fermionic case. Therefore, in the 
bosonic case, / is a bodiless bosonic function (i.e. / G A sou i) of x + and X- which is 
nilpotent of order k. In the fermionic case, / is a bosonic function which may or may not 
be bodiless. In the bosonic case, the bodiless function f(x + ,x-) has been introduced 
since the normalization ( D + F , D^F) contains only terms with products of generators 
and the exponential contains a term which involves no generator. One should note that 
the equations (4.9) are identically satisfied for i — j in the bosonic extension, which is 
not the case in the fermionic extension. Indeed, in the scalar product (2.5), we have the 
sum of the squares of each m th component of the tangent vector superfield DiF. Since 
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the square of a fermionic function vanishes, each of the terms in the scalar product is 
identically zero, i.e. 

(D i F,D i F) = 0. (4.11) 

In the case of the mixed scalar product, the normalization condition is 


(D+F.D.F) = -e*f. 


(4.12) 


It is interesting to note that, by construction, the metric coefficients g t j of the bosonic 
extension are antisymmetric for i ^ j, i.e. 

9 ij 9ji- (4-13) 

This is in contrast with the fermionic case where the coefficients of the induced metric 
gij are symmetric in the indices % and j, i.e. 

9ij=9ji • ( 4 - 14 ) 

The superfield 0 is assumed to be bosonic and can be decomposed as the following 
power series in the fermionic variables 9 + and 9~ 

0 = u(x+, X -) + 6 +r ){x+, X -) + 9~5(x+, X -) + 9 + 9~v(x+, x_), (4-15) 

where u and v are bosonic-valued functions, while 7 and 5 are fermionic-valued functions. 
Through a power expansion in 9 + and 9~ we find the exponential form 
e </> = + q + 7 _|_ qs + 9 + 9~{y - 7 5)), 

e~^ = e _ “(l — 9 + 7 — 9~8 — 9 + 9~{v + 7 ^)). 

The tangent vector superfields D±F together with the normal bosonic superfield 
N(x+,X-,9 + ,9~), which can be decomposed as 

N = N m (x + , X-)+9 + a m (x + , X-)+6~fi m (x + , xJ)+9 + 9~H m {x + , X-), m = 1, 2, 3 (4.17) 

form a moving frame fl on the surface S in the superspace. Here, the bosonic-valued 
fields N rn and H m and the fermionic-valued fields a m and f3 m are the four parts of the 
truncated power series with respect to 9 + and 9~ of the m th component of the vector 
superfield N. This normal superfield N has to satisfy the conditions 

(D l F,N) = 0, (N,N) = 1, i = 1,2. (4.18) 

We now derive the bosonic and fermionic SUSY versions of the GW and GC 
equations. We assume that we can decompose the second-order covariant derivatives of 
F and first-order derivatives of N in terms of the tangent vectors D + F and D_F and 
the unit normal N, 


DjDj,F = T i;j D k F + hjfN, 

DiN = b k iDkF + u>iN, 


hj,k = 1,2 


(4.19) 


where the coefficients uj % and T ir j are fermionic functions. However, the functions bij and 
b k t are bosonic-valued in the bosonic extension and are fermionic-valued in the fermionic 
extension. The SUSY GW equations for the moving frame fl on a surface are given by 


DM = AM , 


DM = AM, 


D+F 

DM 

N 


(4.20) 
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where the 3x3 supermatrices A + and A_ are 

( r ,, 1 r u 2 bn! \ ( r 12 ‘ r 12 2 & 12 / \ 

a + = r 21 ‘ r 21 2 b 21 ! , A-= r 22 ‘ r 22 2 b 22 f . (4.21) 

\ b2 i ^1 J \ b \ b2 2 u 2 

The conformally parametrized surface S satisfies the normalization conditions (4.9) and 
(4.18) for the superfields F and N, and we define the quantities Q + , Q~ and H to be 

bn=Q + , b 12 = ^H, b 2l = - l -e <t> H , h 22 = Q~, (4.22) 

which gives the relations 

(D 2 + F, N) = Q + f, (D_D + F, N) = V Hf, (D 2 _F, N) = Q~f. (4.23) 

The coefficients of the second fundamental form b 2] have the property 

hj — —bji, for i^j. (4.24) 


To obtain a relation between the functions b t j and b k j, we make use of the relation 

(DjDiF, N) = Dj ( DiF, N ) - e(D t F, DjN) = -e{D t F } D,N ), (4.25) 

and by substituting DjN into its decomposition (4.19) we get the relation 

{gikb k j + ebij) f = 0. (4.26) 

We can obtain the coefficients u l from the derivative of ( N , N) = 1, i.e. 

0 = Di(N, N ) = (DiN, N ) + ( N , D t N) = 2cn,(lV, N ) = 2cn,, (4.27) 

from which we obtain 

u>i = 0. (4.28) 

Also, we can make use of the identities 

D k {\e*f) = D k (D + F, D_F) = ( D k D + F , D_F) - ( D + F , D k D~F) 

= T lk 1 (D + F, D_F) + T 2 k 2 (D + F, D_F ), 1 J 

which lead to 

D t f = (r lt ‘ + r 2t 2 - D k <t>)f. (4.30) 

From equation (4.30) we can compute the compatibility condition on the function / 

{D + , DJ\f = (ffir; + zwr 21 2 + D+T^ 1 + d + t 2 2 ) / = o. ( 4 . 31 ) 

Hence we define the Christoffel symbols of the first kind T, ]k to be 

r ijkf = (DjDiF, D k F). (4.32) 

By construction, the Christoffel symbols of the first and second kind {T l]k and T i? fc , 
respectively) are antisymmetric under permutation of the indices i and j, i.e. 

r ijk = -r jik, T i3 k = -Tjf, for i ± J. 


(4.33) 
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The relations between the Christoffel symbols of first and second kind are given by 

r \ jk f = (DiDjF, D k F) = r ./(AF, D k F) (4.34) 

or 

(Tijk-T^gik)/ = 0. (4.35) 

The compatibility conditions of the SUSY GW equations are the SUSY GC 
equations, given by 

{d + , D_}n = D + (A_n) + D_(A + n), 



/ —r 1 

1 ii 

_r 2 

1 ii 

-ebuf 

> 


= D+A-Q+ 

T12 1 

r 2 

1 12 

~eb 2 if 


D+n 


V -eft 1 ! 

-eb\ 

0 

J 



( -rv 

—r 2 

1 12 

~eb 12 f 

\ 


+ D_A + A + 

r 1 

1 22 

CM 

CM 

CM 

t—H 

1 

-eb 22 f 


D_n 



-eb 2 2 

0 

) 



= D + A_Ut - EA_ED + Q, + D_A + A - EA+ED _fl 

So we have 


D + A_ + D_A + - {EA +} EA_} = 0, 


up to the addition of a non-zero matrix P such that PA 
matrix 


E = ± 


( 1 0 0 \ 
0 1 0 
0 0 e J 


(4.36) 


0, where E is the diagonal 


(4.37) 


4-1. Bosonic extension 

We now construct the SUSY GW and SUSY GC equations for the bosonic extension. 
From the relations (4.26), the coefficients b'f are given by 

b\ = H, b\ = 2e~*Q + , b\ = -2 e~*Qr\ = H, (4.38) 

up to an additional bosonic bodiless function ^ 0 such that fif — 0 and where the 
b k j are the mixed coefficients of the second fundamental form. Therefore the SUSY GW 
equations (4.20) take the form 


D + A = A+ft, D_Q = A_A, 



( 

V 1 

1 n 

V 2 

1 n 

Q + f ) 


( 

F 1 

1 12 

V 2 

1 12 

\e*Hf 

\ 

A + = 


—F 1 

1 12 

—r 2 

1 12 

~\e*Hf 

, A_ = 


F 1 

1 22 

F 2 

1 22 

Q~f 



\ 

H 

2 e~*Q + 

0 ) 


V - 

-2 e-tQ- 

H 

0 

/ 


where the matrices A± are in the Bianchi form [56]. The compatibility condition of the 
SUSY GW equations is 

D + A _ + D_A + - {EA + , EAJ) = 0, 


(4.40) 
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up to the addition of a non-zero matrix P such that PUt = 0, where 


E 


± 


/ 1 0 0 \ 
0 1 0 
0 0-1 


5 


Using the subblock notation, the matrices A± can also be written as 



( 

v 1 

1 ii 

V 2 

1 n 

Q*f 

A+ — 


—r 1 

1 12 

—r 2 

1 12 



V 

H 

2 e~*Q + 

0 


( 

V 1 

1 12 

T 2 

1 12 

\e*Hf \ 

A_ = 


V 1 

1 22 

r 22 2 

Q~f 


\ 

-2e~H 

r h 

0 J 


A f 



0 



(4.41) 


(4.42) 


(4.43) 


where A ^ and Af are 2x2 matrices with fermionic entries, and If are two-component 
column vectors with bosonic entries, and lf 2 and If are two-component row vectors with 
bosonic entries. Let us consider the moving frame 4/ = (iff,ifb) T where iff is a two- 
component fermionic vector and ifb is a bosonic scalar. From the GW equations for the 
moving frame 4/, with the matrices given by (4.42) and (4.43), we obtain 


D + 'ff = A + '&, D_'S> = A_'Y. 


(4.44) 


The compatibility conditions for the iff and ifb lead us to the four equations 


D + AJ + D.A+ + Ifl+ + I+If 2 - {A+, AJ} = 0, 
-A]I+ + D + If + If V + - A+If + D_I+ + I+ V J 
D + If + IfA + s - v]It + D_I+ + I+Aj - V pf = 
4t4i + D - r if + ipbi + D + r if = °- 



(4.45) 


The zero curvature condition (ZCC) corresponding to the equations (4.45) is an 
equivalent matrix form of (4.40). 

The ZCC (4.40) leads us to the bosonic SUSY GC equations which consist of the 
following six linearly independent equations for the matrix components 


(0 Dprp) + D+( r 22 2 ) + D + (TP) - zw(r 12 2 ) = o, 

(**) D_(rp) - r 11 2 r 22 1 + D + (rp) + r 12 2 r 12 1 + - 2 Q + Q~e~p = 0, 

(in) Q + r 22 2 - r PQ- + D_Q+ - Q+D_cf + \e*D + H = 0, 

(iv) Q-TP - T,JQ + + D + Q~ - Q~D +( f - \e*D_H = 0, 1 ' J 

(v) d.( r n 2 ) - r 12 1 r 11 2 - r n 2 r 22 2 - r 11 1 r 12 2 + n + (r 12 2 ) + 2 q+h/ = 0, 

(vi) opvp) + - rprp + rprp - Dprp) + 2 q-h} = 0. 

The Grassmann-valued PDEs (4.46) involve eleven dependent functions of the 
independent variables x + , x_, 6 + and including the four bosonic functions (f , H, 
Q ± and the six fermionic functions T rj k together with one dependent bodiless bosonic 
function / of x + and X-. It is interesting to note that the equation (4.46.i) is the 
compatibility condition of the function / given in equation (4.31). Under the above 
assumptions we obtain the following result. 
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Proposition 1 (Structural bosonic SUSY equations) 

For any vector bosonic superfields F(x + ,x_,9 + ,9~) and N(x + ,x_,9 + ,9~) satisfying 
the normalization conditions (4-9), (4-10), (4-18) and (4-23), the moving frame 
= (D + F, D^F, N) T on a smooth conformally parametrized surface immersed in the 
superspace id 2,1 ! 2 ) satisfies the bosonic SUSY GW equations (4-39). The ZCC (4-40), 
which is the compatibility condition of the bosonic SUSY GW equations (4-39) expressed 
in terms of the matrices A + and A_, is equivalent to the bosonic SUSY GC equations 

( 4 . 46 ). 

4-2. Fermionic extension 

We now discuss a derivation of the SUSY GW and SUSY GC equations for the fermionic 
extension. Conditions on the Christoffel symbols of the second kind T l} k can be obtained 
by taking derivatives of (4.9), i.e. 

0 =Di(DjF, D j F) = (D i D j F , DjF) + (DjF, D i D j F)=2(D i D j F , D j F)=2T ji k g kj . (4.47) 
Therefore we have 

T/ = 0, for (4.48) 

and since the Christoffel symbols are antisymmetric under a permutation of indices i 
and j (see equation (4.33)), we get 

r/ = 0, if i ± k or j ± k. (4.49) 

Using the last result on equations (4.30) and (4.31) we get 

D k f = (T m w - DM, {D + , D_}f = {D + T 2 2 + D_T^)f = 0. (4.50) 

Also the Christoffel symbols of the first kind are given by 

r m = o, Th 2 = |e < ^r 11 1 , r m = o, r 2 n = o, 14 511 

Ti 22 = 0 , r 2 i 2 = 0 , r 22 i = \^v 22 , r 22 2 = 0 , 

up to the addition of a fermionic function C 2 7 ^ 0 which has the property £ 2 / = 0. The 
fermionic quantities take the form 

b\ = H, b 2 1 = -2e~*Q + , b\ = -2e~*Q~, b 2 2 = AH, (4.52) 

up to the addition of a fermionic function C 3 7 ^ 0 which has the property £ 3 / = 0 . 
Therefore, the fermionic-valued matrices A± in the SUSY GW equations (4.20) take the 
form 

/ D + F \ ( T^ 0 Q + f \ ( D + F \ 

D+ D-F =0 0 -\e*Hf D_F , 

y n J y h - 2 e -*Q + ^0 J y N j 

(4.53) 

( D + F \ ( 0 0 \e^Hf \ f D + F \ 

D_ D_F = 0 r 22 2 Q-f D_F . 

y N y y -2e~‘ t> Q~ -H 0 J y N j 
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The compatibility condition of the SUSY GW equations (4.53) are given by 
+ D—A+ — {A + , A _} = 0, 


(4.54) 


up to the addition of a non-zero matrix P such that PQ = 0. In component form these 
equations are 

(i) D-( r u 1 ) + 2e-*Q + Q-f = 0 , 

(n) [D-Q + + ie*D + H + Q + (B_<j> - T 22 2 )] / = 0, 

(m) U>+(r 22 2 ) + 2 e-^Q-Q+f = 0, 

(iv) [D + Q-A\ef>D_H + Q-(D + <t>~T^)\f = Q, > 

(v) D + Q--±e*D_H + Q-{D + <l>- T^) = 0, 

(vi) B_Q + + \e*D + H + Q+(D - T 22 2 ) = 0. 

If the equations (4.55.vi) and (4.55.v) hold, then equations (4.55.ii) and (4.55.iv) are 
identically satisfied respectively. By adding (4.55.i) and (4.55.iii) we obtain 

D.(T u 1 ) + D + (T 22 2 ) = 0, (4.56) 


which is the compatibility condition for /, corresponding to (4.50). Therefore the SUSY 
GC equations are reduced to the four linearly independent equations 

(0 B + (r 22 2 ) + zv(rV) = o, 

(«) BVr„ 1 ) + 2e-*q+Q-/ = o, 

(in) D + Q~ - \e*D_H + Q~(D + <j> - r,, 1 ) = 0, ' ' ’ 

(iv) D„Q+ + \e*D + H + Q+(D.</> - r 2 . 2 2 ) = 0. 

The Grassmann-valued PDEs (4.57) involve six dependent functions of the independent 
variables x+, x_, 9 + and 9~ including one bosonic function f and the five fermionic 
functions T 11 1 , T 22 2 , H and Q ± together with one bosonic function / of x + and x_. 


Proposition 2 (Structural fermionic SUSY equations) 

For any vector fermionic superfield F(x + ,X-,9 + ,9~) and bosonic superfield 
N(x + ,x_,9 + ,9~) satisfying the normalization conditions (4-9), (4-10), (4-18) and 
(4-23), the bosonic moving frame = (D + F, D~F, N) T on a smooth conformally 
parametrized surface immersed in the superspace Kb 1,1 ! 3 ) satisfies the fermionic SUSY 
GW equations (4-53). The ZCC (4-54), which is the compatibility condition of the 
fermionic SUSY GW equations (4-53) expressed in terms of the matrices A + and A_, 
is equivalent to the fermionic SUSY GC equations (4-57). 


If we consider the case where / is a bosonic constant in the fermionic extension, 
then from equations (4.50) we have that 

T 1 i = D + f, T 22 = (4.58) 

up to the addition of a function £ 4 f 0 with the property Qf = 0. Also the compatibility 
condition on / is then identically satisfied. The SUSY GC equations become 

(i) B-B + f + 2e-^Q+Q-f = 0, 

(ii) B+Q- - \e*B_H = 0, 

(Hi) B„Q + F\e^B + H = 0, 


(4.59) 
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which resemble the classical GC equations (2.13) taking into account that the Ft 2 
term vanishes. The equations (4.59) contain terms whose signs differ from those of 
the classical equations. We get an underdetermined system of three PDEs for four 
dependent variables H, Q± and <f>. One should note that for this special case the SUSY 
GW equations 

/ D + F \ ( D+<j> 0 Q + f \ ( D + F \ 

D + D„F =0 0 -\e+Hf D^F , 

^ N J \ H -2 e~ <p Q + 0 J y N j 

(4.60) 

/ D+F \ / 0 0 \e*Hf \ / D+F \ 

D_ D„F = 0 D_<f> Q~f D„F , 

\ N J y - 2 e~*Q- -H 0 J \ N ^ 

are also similar to the classical GW equations up to some sign differences and the 
multiplication of some elements by the function /. 


5. Geometric aspects of conformally parametrized SUSY surfaces 

In this section, we discuss certain aspects of Grassmann variables in conjunction with 
differential geometry and SUSY analysis. Let us define the differential fermionic 
operators 

d± = dO ± + idx±dg±, (5.1) 

where d+ and d- are the infinitesimal displacements in the direction of D+ and TU, 
respectively. These operators are anticommuting, i.e. {d+,d_} = 0. In order to 
compute the first and second fundamental forms, we have assumed that (dffij dgi) =0 
for i,j = 1,2. For SUSY conformally parametrized surfaces, the first fundamental form 
is given by 


/ ^ d+ gL j , ^ d+ d- j 
/ ^ d+ cL ^ d+ gL ^ 


(D+F, D+F) (D+F,D_F) 
~(D+F,D_F) (D_F,D_F) 

9uf 912 f \ \ 

—9nf # 22 / ) / 


= {{d+ d- ),[d+ d- )Rf) 

= f ( d+gn + 2d + d_(7i2 + d 2 _ # 22 ) = f d+d_e 
where the 2x2 bosonic-valued matrix R is given by 


9 11 9 12 

~ 9 12 922 




0 1 
-1 0 


The discriminant g is defined to be 


9 = 9 u 922 + (312) 2 = 
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Hence the covariant metric is given by 


such that 


gas* = «?, 


g n = J 22 = 0 , j ' 2 = fJ 2 ‘ = 2 e-*, 


,9ii .912 

.921 g -22 


g 11 3 12 

s 21 g 22 


where e = — 1 in the bosonic case and e = 1 in the fermionic case. The second 
fundamental form is 

'•(('♦ ‘M* '->(_££?« ‘™’)) 

-{(•** •*-)•(-. 

= (( d + d. ),( d + d _ )S/) 

= / ( dib u + 2 d + d_b 12 + d 2 _b 22 ) = / (d 2 + g+ + d+d4e*H) + d 2 _g-), 

where the matrix S is given by 


= ( ( d+ d _ 


d .i gL 


S' — I 1 ^12 | 

y —612 b 22 J 

The discriminant b is defined to be 


Q + 

-\e*H Q~ 


b — b\\b 22 + (& 12) 2 — Q + Q + —e 2 < ^fF. (5-9) 

One should note that the term in H 2 vanishes in the fermionic case since H is a fermionic- 
valued function. Making use of (5.4) and (5.9), the Gaussian and mean curvatures are 
defined as 

/C = det (SR- 1 ) = 611622 + (bl2 \l = 4 e~ 2<t, Q + Q- + H 2 , H = -ti(SR~ 1 ). (5.10) 

.911.922 + [g 12) 2 ' 2 

In the fermionic case, /C is a bosonic bodiless function and the term H 2 vanishes. 


Under the above assumptions on the SUSY versions of the GC equations (4.46) or 
(4.57) we can provide a SUSY analogue of the Bonnet theorem. 

Proposition 3 (SUSY extension of the Bonnet theorem) 

Given a SUSY conformal metric, M = fd + d_e^, of a smooth conformally parametrized 
surface S, the Hopf differentials dl^Q^ 1 and a mean curvature function H defined on a 
Riemann surface 1Z satisfying the GC equations ((f.ffi) f or the bosonic case, (4-57) for 
the fermionic case), there exists a vector-valued immersion function, 

F b =(F b ,F b ,F b ):TZ^R^ 2 \ 

Ff = (F/, F/, Ff) : h -»■ Ml 1 ’ 1 ! 3 ), 1 ' ’ 

(bosonic or fermionic, respectively) with the fundamental forms 

I = fd + d_eH = f(d 2 Q + + d+d^He^) + d 2 _Q~), 


(5.12) 



SUSY versions of the equations of conformally parametrized surfaces 


19 


where 7Z is the universal covering of the Riemann surface 1Z and is the 

superspace. The immersion function F is unique up to affine transformations in the 
superspace. 

The proof of this proposition is analogous to that given in [57]. Note that it is 
straightforward to construct surfaces in the superspace related to integrable equations. 
However, it is non-trivial to identify those surfaces which have an invariant geometrical 
characterization. A list of such surfaces is known in the classical case [45] but, to our 
knowledge, an identification of such surfaces is an open problem in the case of surfaces 
immersed in the superspace. 

6. Symmetries of the SUSY GC equations 

By a symmetry supergroup G of a SUSY system, we mean a local supergroup of 
transformations acting on the Cartesian product X x U of supermanifolds, where X is 
the space of four independent variables (x + , rr_, 9 + , Q~) and U is the space of dependent 
superfields. For the bosonic case, U is the space of eleven dependent superfields 
U = (/, H,Q + ,Q~ , R + , R~ , S + , S~,T + ,T~ , /), where we have used the abbreviated 
notation for the Christoffel symbols of the second kind 

R + = T U \ r- = r n 2 , s + = r 12 \ s~ = r 12 2 , r + = r 22 \ T” = r 22 2 . (e.i) 

For the fermionic case, U is the space of seven dependent superfields U = 
(/, H, Q + , Q~, R + , T~, /), where we have used the notation (6.1) for the non-zero 
Christoffel symbols of the second kind T- k . Solutions of the SUSY GC equations, (4.46) 
for the bosonic case or (4.57) for the fermionic case, are mapped to solutions of equations 
(4.46) or (4.57), respectively by the action of the supergroup G on the functions in U. 
When we perform the symmetry reductions, we need to take into consideration the 
fact that the bosonic function / introduced in (4.9) depends only on x + and x _ or is 
constant. If G is a Lie supergroup as described in [33] and [36], it can be associated 
with its Lie superalgebra whose elements are infinitesimal symmetries of the SUSY GC 
equations. We have made use of the theory described in the book by Olver [28] in 
order to determine superalgebras of infinitesimal symmetries for both the bosonic and 
fermionic SUSY GC equations. 

The bosonic SUSY GC equations (4.46) are invariant under the Lie superalgebra g 
generated by the following eight infinitesimal vector fields 

Go = Hdn + Q + 9 q+ + Q~3q- — 2/(9/, 

Ao = —Hdn + Q + 8 q+ + Q d Q - + 2(9/, 

— —2x + d x+ — 6 + 3 q+ + R + 8 r+ + 2 R 8 r- + S 8 g- — T + 8 t+ + 2Q + 8q+ + 8 ^, . . 

K\ = — 2x—8 x _ — 9 8 e - — R 8 r- + S^ 8 g+ + 2T Jr 8 r p+ + T 8 t- + 2 Q 8 q- + <9^, 

P+ = 8 X+1 P~ = 8 X _, 

J + = 8 g + + i9+d x+ , J_ = 8 e - + i9~8 x _. 
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Table 1 . Commutation table for the Lie superalgebra g spanned by 
the vector fields (6.2). In the case of two fermionic generators J + 
and/or J_ we have anticommutation rather than commutation. 



K\ 

P+ 

J+ 

K b 2 

P_ 

J_ 

A 0 

Co 

K\ 

0 

2P+ 

J + 

0 

0 

0 

0 

0 

P+ 

-2P+ 

0 

0 

0 

0 

0 

0 

0 

J + 

~J+ 

0 

2 iP + 

0 

0 

0 

0 

0 

K\ 

0 

0 

0 

0 

2 P_ 

J_ 

0 

0 

P_ 

0 

0 

0 

—2P_ 

0 

0 

0 

0 

J_ 

0 

0 

0 

-J_ 

0 

2 iP_ 

0 

0 

K 0 

0 

0 

0 

0 

0 

0 

0 

0 

Co 

0 

0 

0 

0 

0 

0 

0 

0 


The generators P + and P_ represent translations in the bosonic variables x + and X- 
while K\, K 2, Kq and Co generate dilations on both even and odd variables. In addition, 
we recover the SUSY operators J + and J_ which were identified previously in equation 
(4.4). The commutation (anticommutation in the case of two fermionic operators) 
relations of the superalgebra g of the SUSY GC equations (4.46) are given in table 1 
for the case D±f ^ 0. The Lie superalgebra g can be decomposed into the following 
combination of direct and semi-direct sums 

0 = {{K\} © {P + , J + }} © {{At} 35 {P_, J_» © {A/} © {C 0 }. (6.3) 

In equation (6.3) the brace bracket {•, •} denotes the set of all elements within. It should 
be noted that K 0 and Co constitute the center of the Lie superalgebra g. 

The fermionic SUSY GC equations (4.57) are invariant under the following six 
bosonic symmetry generators 

P + = d x+ , P_ = < 9 X _, 

Co = HOh + Q + 0q+ + Q~8q- — 2/9/, 

Ao = —HOh + Q + 8q+ + Q d q- + 2<9</, (6.4a) 

h{ = —2x + d x+ — 9 + dg+ + 2Q + 3q+ + R + 3r+ + <9<y 
K{ = —2x-d x __ — 6 d e - + 2 Q d q- + T dr- + d,p, 

together with the three fermionic generators 

J + = d g + + i 6 + d x+) JL = do- + i9~d x _, W = dn■ (6.4b) 

The symmetry generators W and P± represent a fermionic translation of H and bosonic 
translations in the x± direction respectively, J± represent the SUSY transformations and 
Co, A/, K{ and K[ represent dilations. The commutation table (anticommutation for 
two fermionic symmetries) for the generators of the superalgebra fi of equations (4.57) 
is given in table 2. The decomposition of the superalgebra (6.4) is given by 

f) = {{K{} 35 {P + , J + » © {{K(} © {P_, J_» © {{A/, C 0 } © {IU}}. (6.5) 
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Table 2. Commutation table for the Lie superalgebra t) spanned by 
the vector fields (6.4). In the case of two fermionic generators J + 
and/or J_ and/or W we have anticommutation rather than commutation. 



K{ 

P+ 

J+ 

K{ 

p_ 

J_ 

K 0 

Co 

IT 

K{ 

0 

2P+ 

J + 

0 

0 

0 

0 

0 

0 

p + 

-2P, 

0 

0 

0 

0 

0 

0 

0 

0 

■h 

-•4 

0 

2 iP+ 

0 

0 

0 

0 

0 

0 

K f 

0 

0 

0 

0 

2P_ 

J_ 

0 

0 

0 

P_ 

0 

0 

0 

—2P_ 

0 

0 

0 

0 

0 

J_ 

0 

0 

0 

-J_ 

0 

2iP_ 

0 

0 

0 

A/, 

0 

0 

0 

0 

0 

0 

0 

0 

IT 

Co 

0 

0 

0 

0 

0 

0 

0 

0 

-W 

W 

0 

0 

0 

0 

0 

0 

-IT 

IT 

0 


Table 3. Commutation table for the Lie superalgebra t) spanned by 
the vector fields (6.6). In the case of two fermionic generators J + 
and/or J_ and/or W we have anticommutation rather than commutation. 



k{ 

p + 

J+ 


p_ 

J_ 

P 0 

w 

K{ 

0 

2P+ 

■h 

0 

0 

0 

0 

0 

p + 

-2P+ 

0 

0 

0 

0 

0 

0 

0 

J + 

-J+ 

0 

2 iP + 

0 

0 

0 

0 

0 

K{ 

0 

0 

0 

0 

2P_ 

J_ 

0 

0 

p_ 

0 

0 

0 

—2P_ 

0 

0 

0 

0 


0 

0 

0 

-J_ 

0 

2 iP_ 

0 

0 

Ko 

0 

0 

0 

0 

0 

0 

0 

IT 

w 

0 

0 

0 

0 

0 

0 

-w 

0 


However, if we consider the case where D±f = 0, the equations (4.59) are invariant 
under the five bosonic generators 

P + = 8 X+ , P- = d x _, 

A 0 = —Hd H + Q + 8q+ + Q Dq- + 28$, . . 

Ii( = —2x + d x+ — 9 + 8q+ + 2 Q + 8q+ + 8$, 

K{ = —2x-8 x __ - 9~8 e - + 2Q~8 q - + 8$, 

and the three fermionic generators given by 

J + = dg+ + i9 + 8 x+ , J_ = 8 0 - + i9~8 x _ , W = d H ■ (6.6b) 

The commutation table for the generators of the superalgebra of equations (4.59) is 
given in table 3. The Lie superalgebra t), generated by (6.6), can be decomposed into 
the following combination of direct and semi-direct sums 

b = {{K{} 3) {P + , J + }} © {{ATI} 35 {P_, J_}} © {{A'q} 35 (6.7) 
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In both the bosonic and fermionic cases, the one-dimensional subalgebras of the 
respective superalgebra can be classified into conjugacy classes, as we proceed to do in 
the next section. 

7. One-dimensional subalgebras of the symmetry superalgebras of the 
SUSY GC equations 

In this section, we perform a classification of the one-dimensional subalgebras of the Lie 
superalgebras of infinitesimal transformations g and t) into conjugacy classes under the 
action of their respective supergroups, exp(g) generated by (6.2), and exp(fj) generated 
by (6.4). The significance of such a classification resides in the fact that conjugate 
subgroups necessarily lead to invariant solutions which are equivalent in the sense that 
they can be transformed from one to the other by a suitable symmetry. Therefore, it 
is not necessary to compute reductions with respect to algebras which are conjugate to 
each other. 

When constructing a list of representative one-dimensional subalgebras, it would 
be inconsistent to consider the M or C span of the generators (6.2) or (6.4) because 
we multiply the odd generators J + , and (in the fermionic case) W by the odd 
parameters p, r] and ( respectively in the classifications listed in the Appendix. 
Therefore, one is naturally led to consider a superalgebra which is a supermanifold 
in the sense presented in section 3. This means that g and 1} contain any sums of even 
combinations of the bosonic generators (i.e. multiplied by even parameters including 
real or complex numbers) and odd combinations of fermionic generators (i.e. multiplied 
by odd parameters in A odd ). At the same time g and f) are A even Lie modules. This fact 
can lead to the following complication. For a given X in g or t), the subalgebras X and 
X' spanned by X and X' = aX with a € A even \C are not isomorphic in general, i.e. 
X' C X. 

It should be noted that subalgebras obtained by multiplying other subalgebras 
by bodiless elements of A even do not provide us with anything new for the purpose of 
symmetry reduction. It is not particularly useful to consider a subalgebra of the form e.g. 
{P + + ? / 1 ? 7 2 -P-}, since there is no limit to the number of odd parameters r) k that can be 
used to construct even coefficients. While such subalgebras may allow for more freedom 
in the choice of invariants, we then encounter the problem of non-standard invariants 
[24],[58]. Such non-standard invariants, which do not lead to standard reductions or 
invariant solutions, are found for several other SUSY hydrodynamic-type systems, e.g. 
in [7],[59], 

In what follows, we will assume throughout the computation of the non-isomorphic 
one-dimensional subalgebras that the non-zero bosonic parameters are invertible (i.e. 
behave essentially like ordinary real or complex numbers.) In order to classify the Lie 
superalgebras (6.2) and (6.4) under the action of their respective supergroups, we make 
use of the techniques for classifying direct and semi-direct sums of algebras described in 
[36] and generalize them to superalgebras involving both even and odd generators. In 
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the case of direct sums, we use the Goursat twist method generalized to the case of a 
superalgebra. 

In the bosonic case, the superalgebra (6.3) contains two isomorphic copies of the 
3-dimensional algebra g^ = {{K\} 35 {P+, J+}} (the other copy being gA> = {{K 2 } 35 
{P_, </-}}) together with the one-dimensional algebras {K 0 } and {Go}, which constitute 
the center of the Lie superalgebra g. This fact allows us to adapt the classification for 
3-dimensional algebras as described in [46]. So we begin our classification by considering 
the twisted one-dimensional subalgebras of gib © gl 2 h Under the action of a one- 
parameter group generated by the vector field 

X = olK\ + /3P+ + 7 i_J+ + 5K b 2 + A P_ + pJ_, (7.1) 

where a, /3,5, A G A e „ en and r), p G A „dd, the one-dimensional subalgebra 
A P+ T aP_, a G A e? , en 
transforms under the Baker-Campbcll-Hausdorff formula 

y Ad„ p(x) r = Y + [X, Y] + h[x, [ X , Y]] + 1[A', [X, [X, V]]] + ... (7.2) 

to e -2 "P + + e~ 2S aP -. Hence we get that {P + + aP_} is isomorphic to {P++ e 2a_25 aP_}. 
By a suitable choice of a and 5, the factor e 2a ~ 25 a can be rescaled to either 1 or —1. 
Hence, we obtain a twisted subalgebra gi 4 = {P + + eP_, e = ±1} given in table 4 in the 
Appendix. 

As another example, consider a twisted subalgebra of the form {P + + aK 2 , a / 0}, 
where a G A even . Through the Baker-Campbell-Hausdorff formula (7.2), the vector held 
Y = K\ + aP + transforms (through the vector held X given in (7.1)) to 

e x Ye~ x = K\ + e~ 2a aP + - ^(e~ 25 - 1 )P_ - i(e“ 5 - l)pj_. (7.3) 

o o — 

Through a suitable choice of A and p, the last two terms of (7.3) can be eliminated, so we 
obtain the twisted subalgebra gi .3 = {K\ + eP + ,e = ±1}. Continuing the classification 
in an analogous way, we obtain the list of one-dimensional subalgebras given in table 4 
in the Appendix. 

In the fermionic case, the superalgebra (6.5) contains two isomorphic copies of the 
3-dimensional algebra f^ 1 ’ = {{K{} 35 {P+, J+}}, the other copy being f) (2 ^ = {{ K .{} 35 
{P_, J-}} together with the three-dimensional algebra {{iL 0 ,G 0 } 15 {1U}}. Therefore, 
we begin our classihcation by considering the twisted one-dimensional subalgebras of 
fyd) 0 Linder the action of a one-parameter group generated by the vector held 

X = aK{ + /3P+ + rpJ + + 8 K{ + A P_ + pJ_, (7.4) 

where a,/3,5, A G A. even and r/, p G A. odd , the one-dimensional subalgebra Y = 
P+ + aP_,a G A. even transforms under the Baker-Campbcll-Hausdorff formula (7.2) 
to e _ 2 “P+ + e _ 2 < 5 aP_. By an appropriate choice of a and 5, the factor e 2a ~ 2S a can be 
rescaled to either 1 or —1. Hence, we get a twisted subalgebra f ) i4 = {P+ + eP__, e = ±1} 
given in table 5 in the Appendix. 
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As another example, consider a twisted algebra of the form {K( + C W}, where ( 
is a fermionic parameter. Through the Baker-Campbcll-Hausdorff formula (7.2), the 
vector field Y = Ii{ + (fW transforms through 

X = aK{ + /3P+ + rpJ + + 7 K{ + 6 P .L + A J_ + pK 0 + aC 0 + tW, (7.5) 

(where a, f3, 7 , S,p,a e K even and 7 , A, r G A odd ) to 

e x Yer x = K{ + e p - a (W - -(e 2 “ - 1 )P+ - -(e a - 1W+. (7.6) 

— a a — 

Through a suitable choice of (3 and 7 , the last two terms of the expression (7.6) can be 
eliminated, so we obtain the twisted subalgebra 1)32 = {K[ + £Wj given in table 5 in 
the Appendix. Continuing the classification in a similar way, involving twisted and non- 
twisted subalgebras according to [36], we obtain the list of one-dimensional subalgebras 
given in table 5 in the Appendix. These representative subalgebras allow us to determine 
invariant solutions of the bosonic and fermionic SUSY GC equations, (4.46) and (4.57) 
respectively, using the SRM. 

For the specific fermionic case where / is constant (i.e. the SUSY GC equations 
(4.59)), the one-dimensional subalgebras of the resulting Lie symmetry superalgebra 
( 6 . 6 ) can be found by taking the limit where the coefficients of Co tend to zero in 
the subalgebras listed in table 5 and withdrawing repeated subalgebras, while rescaling 
appropriately. 

8. Invariant solutions of the SUSY GC equations 

We now make use of the SRM in order to obtain invariant solutions of the bosonic 
and fermionic SUSY GC equations. For each of the two SUSY GC systems (bosonic 
and fermionic) we select two representative subalgebras from the corresponding list of 
subalgebras (table 4 and table 5, respectively) and construct group invariant solutions. 
For each subalgebra, the invariants and corresponding group orbits are calculated. Next, 
the unknown superfield functions in U are expanded in terms of the fermionic symmetry 
variables r/ and a (involving 6 + and 9 ~, respectively) with coefficients depending on the 
bosonic symmetry variable £. Each component T of U is expressed in terms of invariants 
in the form 

T = MO + J W + (0 + (tu~(0 + wMO- (S- 1 ) 

For the sake of simplicity, in what follows, we only consider the case where u + = u~ = 0. 
Substituting these expanded forms of the superfields U into the SUSY GC equations 
(4.46) and (4.57) we reduce these equations to many possible differential subsystems 
involving even and odd functions. Solving these subsystems, we determine the invariant 
solutions and provide some geometrical interpretation of the associated surfaces. 

For the bosonic SUSY GC equations, we present the following two examples. 
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Example 1. In the case of the subalgebra g 39 = {P + + eP_ + aK 0 , e = ±1, a ^ 0}, 
the orbit of the group of the bosonic SUSY GC equations (4.46) can be parametrized 
as follows 

H = e- ax +h(f,9 + ,9 -) 1 

Q + = eax+q+ ^ £+ = fl + ( £ 6+i 0 - )> 

Q~ = e ax +q-(f,9 + ,9-), S~ = s“(£, 9 + , 9~), 

R+ = r+(Z,9+ : 9~), T+= *+(£, 0+,(U), 1 J 

R~ = r-(f,9+, 9~), T- = t~(S,9 + ,9-), 

(j) = 2ax + + (p(f,9 + ,9-), f = if>(£), 

where the functions H,Q+, R+, S+,T+ and <f> are expressed in terms of the bosonic 
symmetry variable £ = x_ — ex + and the fermionic symmetry variables 9 + and 9~. A 
corresponding invariant solution is given by 


H = e~ ax + [h 0 + 9 + 9-2il 0 et] , 

q+ _ e ax+ ^ oe 2$ _j_ / l6 ? + 0+^- Qie^(ah 0 + e(h 0 ) ? ) + / 0 e 2 Vi + h^ip i)] , 
g- = g a3: + [_da_ + / 2e d-^ + 0+0- (-4^(h 0 ) e + + W 1 —)^)] , 

P” = 6i5 0 + , P + = 6 2 5 0 + , £+ = S 0 + , £- = 5 0 + , T~ = b 3 T+, T+ = b,S+, 

(f) = 2ax + + £ + 9 + 9~ipi, f — tf, 


lo — a 0 ^o i 


1 1 — Ql 2—0 i ^2 — Q 2 jg 0 , 


— , 


(8.3) 


where ho, and 'if are functions of the symmetry variable f = X- — ex + and where 
lo,h,h and b i, 6 2 , hs, &4 are bosonic constants, while Sj, c 0 and a 0 ,a.i,a 2 are fermionic 
constants. 

The hrst and second fundamental forms of the surface S associated with (8.3) are 
given by 


/ = ifd + d _ [ e 2ax + + Z (1 + 0+0 yq)] . 

U = if e ax + {d 2 + [l 0 e 2 ^ + he^ + 9+9~ (±ie ? (ah 0 + e(h 0 ) ? ) + / 0 e 2 Vi + Ziefyi)] 

+ d + d- [e ? (h 0 + 9+9~(2il 0 e^ + h 0 <£i))] 

+ dl + / 2 e( 1 —+ 9+9~ (-iie«(ho) $ + + fee^fyi)] } • 

The Gaussian curvature takes the form 

K=e~ 2ax + [h 2 + h+h-4ih 0 / 0 e« + 4(/ 0 e 2 « + /ie«)(^_ + l 2e U-^) e ~^(l - 0+0-2^) 

+ 46 ) +6 )_ (/ 0 e 2 ^ + /ie ? ) (-|ie € (h 0 )^ + + / 2 e (1_ae) ^i) e“ 2? (8.5) 

+4 9+9 (-fpzi + ae ^) (|ie^(aho + e(h 0 )^) + /o e2 ^7h + Zie^i) e 2 ^] . 

The subalgebra of the classical GC equation (2.13) analogous to $39 is L\ 7 = {ei + ee 2 + 
ae 0 , e = ±1, a 7^ 0}, whose corresponding invariant solution is given by 


H(z, z) = k 0 v(f) V 2 e a / 2 ( z 3z) , Q(z, z) = |h 0 u(£) 1 / 2 e a/2(z+z) , , . 

C/(z,z) = e 2 az u(£), Q(z,z) = |h 0 u(£) 1 / 2 e a/2(z+z) , ^ j 

where the symmetry variable is f = z — ez and the function v of £ satisfies the ODE 

v# = + klve 0 ^. (8.7) 

For this classical solution, the Gaussian curvature vanishes, in contrast to the SUSY 


case. 
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Example 2. For the subalgebra g 76 = {K\ + (a — | )K 0 + | C 0 , a Y we obtain the 
following parametrization of the orbit of the group 
H = (x + ) ( ' a ~ 1 d 2 h(x_,q 1 9~), 

Q + = (x + )~ ia+2 ^ 2 q + (x-, ri, 6~), S + = s + (x-, rj, 9~), 

Q~ = ( x+)- a/2 q~(x_,ri,e -), 

R + = (x + )~ 1 ^ 2 r + (x_,q,9~), 

R~ = (x + )~ 1 r~(x-,q,9~), 
e^ = (x + )- a ip(x-,‘q,9~)i 
where the bosonic symmetry variable is X- and the fermionic symmetry variables are 
q = {x + )~ l d 2 9 + and 6~. A corresponding invariant solution of the bosonic SUSY GC 
equations (4.46) takes the form 

H = 2 iB(x + Y a - 2 ^ 2 (p) x J+9-, 

Q + = BA{xG){x + )~^ a+2 d 2 [l + ( x + )~ 1 / 2 9 + 9~G(x _)] p(x_), 

Q~ = x + )~ a ! 2 [l + ( x + )~ 1/2 9 + 9~G(x _)] , (8.9) 

R + = (x+)~ 1/2 /i^, R~ = {x + )~H 2 Ry, S+ = T- = Tq , S~ = T+ = 0, 
e^ = A(x-)(x + )~ a ( 1 + (x + )~ 1 / 2 9 + 9~G(x-)), f = (x + Y^ 2, if(x-), 

where B = l 0 R^Kf 2 jo anf l h,h,h are bosonic constants, while / 0 , R g and Tg are 
fermionic constants. Here, A, G, p and if are arbitrary bosonic functions of the 
symmetry variable a:_. The function A contains a part in Abody hut if is a bodiless 
function. 

The corresponding first and second fundamental forms for the surface S given by 
(8.9) are 

I = f)d+d- [A(x + )- (2a+1) / 2 (1 + ( x+ )- 1/2 9 + 9~G )] , (8.10) 


S = (x+) 1/2 s (x_,q,9 ), 
T + = (x + ) 1 ^ 2 t + (x_,q,9~), 
T~ = t~(x-,r),9~), 

f = (x+) 1/2 Y(x~), 


( 8 . 11 ) 


and 

U = (d + ) 2 [AB(x + )~^ a+2 d 2 p (1 + (x + )- 1 / 2 9 + 9~G)] 

+2 id + d_ [AB(x + )- l 9 + 9~p'\ + (d_) 2 [^(x + )~ a / 2 (1 + {x+Y 1 / 2 9+9~G)] . 
Consequently, the Gaussian curvature /C and the mean curvature H of the associated 
surface S are not constant. The Gaussian curvature is given by 


« = ^ mr v (i + (i + )- i/2 <> + rc). 


( 8 . 12 ) 


(8.13) 


Since H 2 = 0, it follows that the surface S admits umbilic points along the curve defined 
by /C = 0, which lies on the surface S. The subalgebra of the Lie algebra for the classical 
GC equation (2.13) analogous to subalgebra g 7 6 is L\ 2 = {e 3 + aeo}. The corresponding 
invariant solution is given by 

H(z,z ) = / 0 e -a h+U, Q(z,z) = k 0 e a ( z+z \ 

U(z, z) = =^o e 2a( - z+z \ Q(z, z) = k 0 e a( ' z+z \ k 0 ,l 0 eR. 

In contrast to the bosonic SUSY case (8.9), the Gaussian curvature /C vanishes for the 
classical solution (8.13) associated with the subalgebra L\ 2 . In both cases however, the 
mean curvature function H is non-zero. 

For the fermionic SUSY GC equations (4.57), we present the following two 
examples. 
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Example 3. In the case of the subalgebra h 124 = {P+ + eP_ + aK 0 , e = ±1, a ^ 0}, 
the orbit of the corresponding group of the fermionic SUSY GC equations (4.57) can be 
parametrized as follows 

H = e ~ ax + [/*(£) + 6 + 6-hi(Z)\, R + = r 0 + (O + 0 + rr+(£), 

Q + = e ax +[qU0 + 0 + e~qtm T~ = (0 + 0 + 0~rf(O, (8-14) 

Q~ = e ax +[qo(£) + e+9-q^(£)}, (p = tp 0 (£) + 0 + 0~<pi(€) + 2ax+, f = ip(£), 

where the fermionic functions H, Q ± ,R + and T~ are expressed in terms of the bosonic 
symmetry variable £ = x + — ex_ and the fermionic symmetry variables 6 + and 9~ , while 
the bosonic functions tp 0 , p\ and if are expressed in terms of £ only. A corresponding 
invariant solution is given by 

H = —2Cff Off e~ ax + [ee -<A3 mo + i9 + 9~(e~ lfo rriQ )$] , 
q+ _ [m+ + t9 + 9~((mf) ( + eam+)] , 

Q~ = e ax+ CjfCff [mo + i9 + 9~{eamff + (iZfo )?)] , 

<t> = p 0 (O+ i9 + 9-(p 0 )t + 2ax + , R + = Cff, T~ = C £/ = 0(£), 

where the fermionic functions mt, mf and the bosonic function po of the symmetry 
variable £ satisfy the differential constraint 

[e~ yo ( m 7 — emg )] ? + camp e~ yo = 0 . (8.16) 

Here ip is an arbitrary bosonic function of £, while Cf and Off are arbitrary fermionic 
constants. 

The first and second fundamental forms of the surface S associated with the solution 
(8.15) are given by 

I = 'ipe ipo+2ax+ d + d- [1 + 9 + 9~pf \, 

II = e ax+ Cfp Cff ip [—2d + d- ( emt + i9 + 9~ [( mlf )t — eippmfff — (ipn)trriff ]) (8-17) 

+d 2 + {m Q + i9 + 9~ [ (mf )g + earn jj~]) + d 2 _ ( rrid + i9 + 9~ [( mp )g + earn p ])] . 

The Gaussian curvature (5.10) takes the form 

K. = 0 . (8.18) 

In particular when a = 0, which corresponds to the subalgebra fju = {P + + eP_}, 
the orbits of the group of the fermionic SUSY GC equations (4.57) can be parametrized 
in such a way that H, Q ± , R + and T~ are fermionic functions of the bosonic symmetry 
variable £ = X- — ex + , and the fermionic coordinates 9 + and 9~ while 0 is a bosonic 
function of £, 9 + and 9 ”, and ip is a bosonic function of £ only. Under the assumption 
that the unknown functions take the form 

H = V£) + 0 + 9~h(f), R+ = r q"(£) + 9+9~ r+(£), 

Q ± = Qo(0 + <£{€), 0 = ^o(£) + 9+e-p^), 

T- = f 0 -(£) + ^-f7(£), / = 0(£), 


(8.19) 
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the corresponding invariant solution of the fermionic SUSY GC equations (4.57) is given 
by 

H = 2Cg Cg / [/ e~‘ po df + i6 + 6- e -w] + C, e = 1, 

Q + = CjC+W* f e-wdf + CfBtfe^ 

+i9 + 9~Cff [Cffl f e-*°d£ + l) + B+e* 0 (<p 0 ){] , /« 2(]) 

Q~ = CfiCffle* 0 f e~ ipo df + CffBffe™ { J 

[Off l (e w ((po)zJe-v°df + 1) +5,7e w ((po)c] , 

R + = c+, t- = c o, ^ = + / = m 

where <po and if are bosonic functions of the symmetry variable £ = am — x+, while 
C±,C and / are arbitrary fermionic constants and are bosonic constants satisfying 
the algebraic constraint 

£o + 5o + Qsi Rq = 0- (S.21) 

For the solution (8.20), the tangent vectors are linearly dependent, so the immersion 
defines curves instead of surfaces. 


Example 4. For the subalgebra f) 35 = {K[ + aK 0 + bC 0 , a ^ 0, b ^ 0}, we obtain the 
following parametrization of the orbit of the corresponding supergroup of the fermionic 
SUSY GC equations (4.57) 

H = (x + )^ a_fc) / 2 [ho(a;_) + rj9~hi(x-)\, R + = (x + ) _1//2 [r ( j"(a;_) + r)9~rf(x-)], 

Q + = (x + )^ < ' a+b+2 ' >/2 [q^ (x_) + r]9~qf{xJ)\, T~ = tf(x-) + i]9~tf(x_), 

Q~ = ( x + )~ {a+b),2 [qf{x _) + T)0-qf(x-)\, (f = <p 0 (x-) + i]9~tp i(x_) - ^ tl lnx + , 

/ = (x+)V(®-), 


where the bosonic symmetry variable is X- and the fermionic symmetry variables are 
q = {x + )- l / 2 9 + and 9~. A corresponding invariant solution of the fermionic SUSY GC 
equations (4.57) has the form 


H = (: x+ )(a-b)/ 2 e A 0 (a- b ) X -/ 2 E 0 [c +i(x + )- 1 / 2 9+9~ (a -b + l)A 0 Co e Aoa: -/ 2Eo ] , 
Q + = C+(a; + )-(“ +b+2 )/ 2 [E 0 + {x + )~ l ' 2 9 + 9~E x \ , R+ = C+{x + )~ 1 / 2 , 


Q~ = A 0 C+(a; + )“ (a+b)/2 1 + (i + )- 1/2 0 + r| 


T~ 


- C! + 

— h-0 i 


= -^-(b 

2E 0 \ U 


f = (x+) b if(x-), 


( 8 . 22 ) 


l)x- + (x+) 1 / 2 9 + 9 tpi(x-) 


2a+l 

2 


In x + , 


where the bosonic function ipi of satisfies the constraint 

£3V. = | l ~C£ + (8.23) 

-C/0 

and where if is an arbitrary bosonic function of x_. Here Cg and C are arbitrary 
fermionic constants while E 0l Ei and A 0 are arbitrary bosonic constants. 

The first and second fundamental forms of the surface S (8.22) are given by 


I = (x + ) ( - 2b 2a ^/ 2 exp (-^(b — a — l)x_ j ifd + d_(l + (x + ) 1 / 2 9 + 9 (pf), 

U = (x + Y b ~ a ^ 2 if [C+(x + )- l d 2 + (Eu + (X+)" 1 / 2 9+9-Ef) 

+A 0 C+d 2 _(l + (x + )-R 2 9+9-E.ZEo) 

+ (x + )- 1 / 2 e Aoa; -/ 2Eo d + d_ (C + {x + )~R 2 9 + 9~ [iOp i + (a - b + l)A 0 C+e Aoa: -/ 2i70 ])] . 
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The Gaussian curvature (5.10) takes the form 

JC = 0. (8.24) 

Note that in our fermionic SUSY adaptation of the classical geometric interpretation 
of surfaces in M 3 , the surfaces obtained in the two examples are composed of parabolic 
points. 

9. Conclusions 

In this paper, we formulate bosonic and fermionic SUSY extensions of the GW and 
GC equations for smooth conformally parametrized surfaces immersed in a Grassmann 
superspace (MUh 2 ' ) for the bosonic extension and for the fermionic extension). For 

both SUSY extensions, the GW equations are determined by a moving frame formalism. 
In the bosonic case, the potential matrices A + and Zl_ can be written in subblock form 
involving both bosonic and fermionic components. In contrast, in the fermionic case, the 
matrices A + and A_ are expressed in terms of fermionic quantities only. In the bosonic 
case, the ZCC for the SUSY GW equations lead to six linearly independent SUSY GC 
equations in five bosonic functions and six fermionic functions. For the fermionic case, 
there are four linearly independent SUSY GC equations in two bosonic functions and 
five fermionic functions. It is interesting to note that, in the latter case, the SUSY GW 
and SUSY GC equations resemble the form of the classical equations. In the bosonic 
case, the ZCC involves a diagonal matrix E in addition to the potential matrices A + and 
A_. This diagonal matrix becomes the identity matrix in the fermionic case. In both 
cases, the induced metric involves a bosonic function / of x + and X-. In the bosonic 
case, / is bodiless and nilpotent of order k, while in the fermionic case the function / 
may or may not be bodiless. 

For both SUSY GC systems we determine Lie superalgebras of infinitesimal 
symmetries which generate Lie point symmetry transformations. For both SLISY 
extensions the symmetry superalgebras include translations in the bosonic independent 
variables x + and x_, four dilations and the SUSY operators J + and J_. The fermionic 
case contains an additional translation in the direction of the mean curvature H. It 
should be noted that, in the classical case, the Lie point symmetry algebra contains 
two copies of the Virasoro algebra, whereas such Virasoro algebras do not appear for 
either the bosonic or the fermionic SUSY GC equations. For both cases, a classification 
of all one-dimensional subalgebras of the symmetry superalgebra into conjugacy classes 
is performed. It should be observed that the symmetries of both the classical and the 
bosonic SUSY GC equations contain a center, whereas the symmetries of the fermionic 
SUSY GC equations do not. Consequently, the classification lists (by conjugacy classes 
under the action of the associated supergroup) contain 99 one-dimensional subalgebras 
for the bosonic case and 199 one-dimensional subalgebras for the fermionic case. For 
each of the two SUSY extensions we construct two invariant solutions of the SLISY 
GC equations and compare them with solutions of the classical GC equations invariant 
under similar one-dimensional subalgebras. 
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The first and second fundamental forms for conformally parametrized surfaces in 
the superspace are established for both the bosonic and fermionic SUSY extensions of 
the GC equations. The determinants of the induced metric differs in their signs from 
the classical case. Also, we establish an analogue of the Bonnet theorem for the SUSY 
GC equations. 

This research could be extended in several directions. It could be beneficial 
to compute an exhaustive list of all symmetries of the SUSY GC equations and to 
compare them to the classical case. The computation of such a list would require 
the development of a computer Lie algebra application capable of handling both even 
and odd Grassmann variables. Another open problem to be considered is whether 
all integrablc SUSY systems possess non-standard invariants. It could also be worth 
attempting to establish a SUSY analogue of Noether’s theorem in order to study the 
conservation laws of such SUSY models. Finally, it would be interesting to investigate 
how integrablc characteristics, such as Hamiltonian structure and conserved quantities 
manifest themselves in surfaces for the SUSY cases. These subjects will be investigated 
in our future work. 
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Appendix. Classification of the one-dimensional subalgebras of the Lie 
superalgebras (6.2) and (6.4) 


Table 4. Classification of the one-dimensional subalgebras of the symmetry 
superalgebra g of the bosonic SUSY GW equations (4.46) into conjugacy classes. Here 
e = ±1, the parameters a , b , m are non-zero bosonic constants and y and v_ are non-zero 
fermionic constants. 


No. 

Subalgebra 

No. 

Subalgebra 

Si 

{K\} 

02 

{P + } 

03 

{pj+} 

04 

{P+ + hJ+} 

05 


06 

{P-} 

07 

W-} 

08 

{P. + uJ.} 

09 

{K\ + aKf} 

010 

{At + eP} 

011 

{K\ + vj_) 

012 

{At + eP_ +i /J_} 

013 

(At + eP+} 

014 

{P + + eP_} 

015 

{P + + uJ-} 

016 

{P + + eP_ + vJP) 

017 

{K b 2 + pJ + } 

018 

{P- + A 4 ^} 

019 

{/i J+ + 7f</_} 

020 

{P— + /!■/+ + 7fJ_} 

021 

{At P eP + + /aJ + } 

022 

{P+ + eP_ + /i-tLf} 

023 

{P+ + /I •/_!_ + 7ft/_} 

024 

{P+ + eP_ + [I •/_!_ + 

025 

{K 0 } 

026 

{A'} + a A’o} 

027 

{Kq + eP + } 

028 

{Ao + / J -/+} 

029 

{A 0 + eP + + pJ+\ 

030 

{At + a A’o} 

031 

{K Q + eP _} 

032 

{Po+ifJ-} 

033 

{K 0 + eP_ + vJP) 

034 

{At + aAt + &A' 0 } 

035 

{K\ + aK 0 + eP_} 

036 

{At + a A'o + Jf J-} 

037 

{K\ + aK 0 + eP_ + uJ_} 

038 

{At + a A’o + eP+} 

039 

{A'o + eiP+ + e 2 P_} 

040 

{Ao + eP + + n_J —} 

041 

{Ao + 6iP+ + e 2 P_ + v_J—} 

042 

{ K 2 P u.Kq + /aJ+} 

043 

{Ao + eP_ + \iJ -)_} 

044 

{Ao + /tt/_|_ + 7ft/— } 

045 

{Ao + eP_ + pJ -)- + 7fJ_} 

046 

{A| + a A'o + eP+ + } 

047 

{Aq + eiP + + e 2 P_ + pJ+\ 

048 

{Ao + eP+ + //•/). + 7f t/_ } 

049 

{Aq + eiP + + e 2 P_ + pJy + uJ_} 

050 

{Co} 

051 

{h\ + aCo} 

052 

{Co + eP + } 

053 

{C 0 + lfJ+} 

054 

{Co + eP + + pJ+\ 

055 

{K b P °C 0 } 

056 

{Co + eP_} 

057 

{Co + if./- } 

058 

{Co + eP— + 7ft/_} 

059 

{At + a At + 6C 0 } 

060 

{At + aC 0 + eP_} 

061 

{A} + oCq + if/—} 

062 

{A} + oCq + eP_ + 7ft/—} 
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Table 4. (Continued) 


No. 

Subalgebra 

No. 

Subalgebra 

063 

{A 2 + (iCf) + eP_|_} 

064 

{Co + €\ P + + €2 P_} 

065 

{C 0 + eP+ + yJ—} 

066 

{Co + 6 ] Pf + 62 P— + V.J—} 

067 

{K 2 + aC 0 + I^J+f 

068 

{Co + eP_ + /i</+} 

069 

{Co + pJ+ + v_J —} 

070 

{Co + eP_ + [iJ + + v_J—} 

071 

{At "b oCo + eP+ + 

072 

{Co + 6 iP + + C 2 P— + //•/+} 

073 

{Co + ePf + pJ-\- + i {J—} 

074 

{Co + 6 iP_|_ + 62 P— + 

075 

{K 0 + mC 0 } 

076 

{At + aAo + mC 0 } 

077 

{Ao + mC 0 + eP_|_} 

078 

{Aq + mC 0 + /rAf} 

079 

{Ao + mC 0 + eP+ + /it/+} 


{At + aA 0 + mCo} 

081 

{Aq + jtiCo + eP_} 

082 

{Aq + mC 0 + ztJ_} 

083 

{Aq + UiCq + eP_ + Za/_} 

084 

{AT? + aAT 2 b + bK 0 + mC 0 } 

085 

{K\ + oA 0 + mC 0 + eP_} 

086 

{At + aA 0 + mC 0 + za/_ } 

087 

{A'f + aK 0 + mCo + eP_ + za/_} 

088 

{At + aA'o + mC 0 + eP+} 

089 

{A 0 + mC 0 + £i P+ + 62 ^-} 

090 

{Aq + mC 0 + eP + + z/J_ } 

091 

{Ao + mCo + e-iP+ + 62 P~ + v_J —} 

092 

{At + aA'o T- mCo + /J J+ } 

093 

{Aq + UiCq + eP_ + /iP|_} 

094 

{Aq + mC 0 + + !£</_} 

095 

{Aq + JTlCo p eP_ + l-lJ.y + 

096 

{ A '2 + aA'o + mC 0 + eP+ + /i</+} 

097 

{Ao + tiiC'o + eiP+ + 62 P— + /iJ+ } 

098 

{Aq + mCo + eP + + irJ+ + U.J— } 

099 

{Aq + mCo + eiP + + 62 P— + /t</+ + vJ —} 




Table 5. Classification of the one-dimensional subalgebras of the symmetry 
superalgebra f) of the equations (4.57) into conjugacy classes. Here e = ±1, the 
parameters a, b are non-zero bosonic constants, y, u, £ are non-zero fermionic constants. 


No. 

Subalgebra 

No. 

Subalgebra 

f)i 

TP) 

1)2 

{P + } 

f)3 

W+} 

1)4 

{P + + /J./+} 

1)5 

TP 

1)6 

{A-} 

1)7 

W-} 

1)8 

{P_ + z/J_} 

f)9 


1)10 

{A^ + eP-} 

dn 


1) 12 

Ia 7 + Cb + uJ_} 

di3 


1) 14 

{p+ + tp-} 

di5 

{P+ + uJ-} 

1)16 

{P+ + eP_ + za/_} 

di7 

ig&MT p iggjil 

1)18 

{A- + //•/+} 

dig 

{/Uj + + ZjJ_} 

1)20 

{P— + /iA|_ + v_J —} 

f) 21 


1)22 

{P+ + eP_ + //./+} 

f) 23 

{P+ + /J>J+ + 

1)24 

{P+ + eP— + pJ + + za/_} 

1)25 

{(W} 

1)26 

W} 
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Table 5. (Continued) 


No. 

Subalgebra 

No. 

Subalgebra 

27 

{C'o} 

1)28 

{A 0 + aCo} 

1)29 

W + W 

1)30 

{c 0 + cw} 

1)31 

{A'o + aC 0 + C W} 

1)32 

{K(+CW} 

1)33 

{K( + oA'q} " 

1)34 

{ K'l + oCo} 

1)35 

{A'f + aKo + 6C 0 } 

1)36 

{At + aK 0 + C W} 

f) 37 

{Kj + aC 0 + CW} 

1)38 

{At + aK 0 + bC 0 + <W} 

f) 39 

{P+ + CW} 

1)40 

{A^o + eP + } 

f) 41 

{C 0 + eP + } 

1)42 

{A 0 + oC 0 + cP+} 

f)43 

{A^o + eP + + C^} 

1)44 

{Co + eP + + CW} 

f) 45 

{Aq + aC 0 + eP + + CW"} 

1)46 

{pJ + + (W} 

1)47 

{Ao + J + } 

1)48 

{Co + pJ+} 

f) 49 

{Aq + aC 0 + /i-P)-} 

1)50 

{K 0 + pJ + + (W} 

f)51 

{Co + pJ + + Cbb} 

1)52 

{Aq + aC 0 + /iP|_ + CW} 

f)53 

{P+ + /xJ+ + CW} 

1)54 

{A 0 + eP+ + pJ+} 

1)55 

{Co + eP+ + pJ+} 

1)56 

{Aq + a,C 0 + eP + + pJ+\ 

f) 57 

{K 0 + eP + + p J + + C^} 

1)58 

{Co + eP + + /iJ + + C W} 

1)59 

{Ao + oCo + eP + + /i</+ + CW"} 

1)60 

{Ki+CW} 

f) 61 

{P{ + aA' 0 } 

1)62 

{k{ + aCo} 

1)63 

{At + aA 0 + 5Co} 

1)64 

{At + aA'o + CW} 

f) 65 

{At + aC 0 + C W} 

1)66 

{A{ + aA 0 + 6Co + CW} 

f) 67 

{P_ + cw} 

1)68 

{A 0 + eP_} 

f) 69 

{Co + eP.} 

1)70 

{Ao + «C 0 + eP_} 

f)71 

{A 0 + eP_ + C W} 

1)72 

{C 0 + eP_ + CW} 

1)73 

{K 0 + aC 0 + eP_ + C^} 

1)74 

{z/J_ + CW} 

f) 75 

{A 0 + z/J_} 

1)76 

{Co + vJ-} 

1)77 

{Ao + aC 0 + —} 

1)78 

{A'o+^- + W 

1)79 

{Co + v.J— + cw} 

1)80 

{Aq + aCo -\-vJ~ A CW} 

f) 81 

{P_ + ZA/_+CW} 

1)82 

{Aq + eP_ + Z/J„} 

1)83 

{Co + eP_ + z/J_} 

1)84 

{Aq + qCo + eP_ + Z/J_} 

f)85 

{A'o + eP_ + z/J_ + CW} 

1)86 

{Co + eP_ + z/J_ + CW} 

1)87 

{Ao + aC 0 + eP_ + z/J_ + CW} 

1)88 

{At+aAt+W 

f) 89 

{P 0 + aK{ + 6 At} 

1)90 

{C 0 + aK( + 6 A'{ } 

f) 91 

{Aq + aC 0 + 6A{ + cA{} 

1)92 

{A' 0 + aK{ + bK{ + CW} 

f) 93 

{C 0 + aK( + bK* + CW} 

1)94 

{P 0 + aC 0 + bK{ + cAt + CW} 

f) 95 

{At + eP_ + CW} 

1)96 

{A'o + aK{ + eP_} 

f) 97 

{Co + a A { + eP_} 

1)98 

{Ao + aC 0 + bK{ + eP_} 

f) 99 

{Ao + aK{ + eP_ + (W} 

f)ioo 

{C 0 + a ATf + eP_ + CW} 
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Table 5. (Continued) 


No. 

Subalgebra 

No. 

Subalgebra 

f)ioi 

{A 0 + a,Co + bK f + eP_ + 

1) 102 

{K{ + z/ P_ + C W} 

f) 10.3 

{A' 0 + aK{ + y.J_} 

1) 104 

{Co + ~oK{ + yJ 

1) 105 

{A 0 + oCq + bh( + y_J—} 

1) 106 

{ A' 0 + aK{ + y P_ + C^} 

l)l07 

{C 0 + aK{ + yJ— + C^} 

1) 108 

{Aq + oCo + bK[ + yJ _ + £W} 

f)l09 

{K( + f/b + z/P_ + C^} 

f)no 

{Aq + a A J + eP_ + yJ~} 

1)111 

{C 0 + ali{ + eP_ + z/P_} 

f) 112 

{Ao + aCo + bK{ + eP_ + za/_} 

f) 113 

{A' 0 + aK{ + eP_ + z/P_ + CW"} 

114 

{Co + aK{ + eP_ + yJ— + C^} 

1)115 

{A 0 + aCo + 6A{ + eP_ + yJ— + Cbb} 

1) 116 

M+CVKW 7 } 

117 

{A' 0 + aK{ + eP + } 

1) 118 

{Co + ah 2 + eP+ } 

119 

{Ao + aC o + 6A{ + eP + } 

1) 120 

{A’o + aA'{ + eP + + <W} 

121 

{Co + aK{ + eP + + (1C} 

1) 122 

{Aq + oCo + 6A'{ + cP_|_ p CW} 

123 

{P + + eP_ + Cbb} 

1) 124 

{P+ + eP„ + a A'o} 

1)125 

{P+ + eP_ + qCo} 

1) 126 

{P+ + eP_ + a A'o + &Co} 

1) 127 

{P+ + eP_ + a A'o + C^} 

1) 128 

{P+ + eP_ + aC 0 + C^} 

1) 129 

{P+ + eP_ + aK 0 + bC 0 (W} 

1) 130 

{P++i/J_ + CW} 

1) 131 

{Ao + eP + + yJ—} 

1) 132 

{Co + eP + + z/P_ } 

1) 133 

{Ao + oC 0 + eP + + z^P_} 

1) 134 

{A'o + eP+ + yJ— + CVb} 

1)135 

{Co + eP + + yJ~ + (W} 

1) 136 

{Ao + aCo + eP + + z/P_ + C^} 

1) 137 

{P+ + eP_ + yJ~ + C^} 

1) 138 

{P+ + eP— + a A'o + !£</_} 

1) 139 

{P+ + eP— + aC 0 + yJ ~} 

1) 140 

{P+ + eP_ + a A'o + 6Co + z^P_} 

1) 141 

{P+ + eP_ + a A'o + z/P_ + CW} 

t) 142 

{P+ + eP_ + aC 0 + yJ— + C^} 

1) 143 

{P+ + eP— + aK 0 + 6C 0 + yJ— + } 

f) 144 

{^ + /iJ + + C^} 

1) 145 

{Ao + aA'} + /iP+} 

1) 146 

{Co + CtA '2 + /iP+} 

1) 147 

{Ao + aCo + 6A{ + } 

1) 148 

{A'o + aK -2 + y J+ + CW} 

1) 149 

{Co + ciK-2 + yJ+ + CW} 

f) 150 

{Aq + 0 C 0 + bKr, + ~jiJ+ + CW"} 

1) 151 

{P_ + //J+ + CW} 

1)152 

{Aq + eP__ + /iPf} 

1)153 

{Co + eP_ + /xP+} 

f) 154 

{Aq + oC 0 + eP_ + /iA|-} 

1) 155 

{A'o + eP_ + /i./ + + Cbb} 

f) 156 

{Co + eP_ + /uA|_ + C^} 

1) 157 

{Ao + aC 0 + eP_ + nJ+ + C^} 

1)158 

{^ J+ + 1 / J_ + CW} 

1) 159 

{Ao + + yJ —} 

1) 160 

{Co + /uPf + yJ —} 

1) 161 

{Ao + oCo + fiJ-\- + —} 

1) 162 

{A'o + 11 J+ + y J_ + C^} 

1) 163 

{Co + yJ+ + yJ— + (W} 

1) 164 

{Ao + aCo + [iJ+ + + C^} 

1) 165 

{p_ + y J+ + 1 / p_ + c w} 

1) 166 

{Ao + eP_ + I- 1 .J+ + z^P—} 

1) 167 

{Cq + eP_ + ii J+ + z^P—} 

1) 168 

{Aq + aC 0 + eP_ + /iP+ + z/P— } 
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Table 5. (Continued) 


No. 

Subalgebra 

No. 

Subalgebra 

I) 169 

{K 0 + eP_ + ii J + + z/ P_ + CW} 

f) 170 

{C 0 + eP_ + (I J+ + z/P + ()bb} 

f)l71 

{A 0 + oCo + eP_ + [iJ-\. + za/_ + CW } 

f) 172 

{Kt+eP+ + fiJ + + {W} 

f)l73 

{A 0 + oA 2 + cP+ + /iPf} 

f) 174 

{Co + oA{ + ePf + /iP|_} 

f) 175 

{A 0 + oCo + 6A 2 + ePf + /iPf } 

fl 176 

{A'o + aA'{ + eP+ +^J+ + C^} 

f)l77 

{(7o + aK~2 + eP + + /iP|_ + £W} 

178 

{A 0 + aCo + bK.^ + eP + + /iPf + C^P} 

1)179 

{A+ + eP_ + /tP+. + £W} 

fl 180 

{P+ + eP_ + aA 0 + /iPf} 

f)l81 

{P+ + eP— + oCo + /tP|_} 

1)182 

{P+ + eP_ + aA 0 + bC 0 + /tP|_} 

f)l83 

{P+ + eP_ + qAq + 

1)184 

{P+ + eP_ + aC 0 + /tP|_ + C1P} 

1)185 

{P+ + eP~ + qA 0 + 6(70 + /I •/_!_ + } 

1)186 

{P + + /iJ+ + z/J_ + ClP} 

f) 187 

{A 0 + eP + + /iP)_ + z/P} 

1) 188 

{Co + eP + + ylzPf + Z/<P} 

f) 189 

{A 0 + oC'o + eP + + fiJ+ + z/P} 

1)190 

{A 0 + eP + + \iJ+ + y_J— + c IP} 

f) 191 

{C 0 + eP + + i-iJ+ + yJ— + 

1) 192 

{A 0 + oCo + eP + + /iPf + z/P + C1P} 

1)193 

{P+ + eP_ + //P*. + vJ_ + C1P} 

1) 194 

{P+ + eP_ + qAq + [iJ -+ z/P} 

f) 195 

{P+ + eP— + aC 0 + /I •/+ + z/P} 

1) 196 

{P+ + eP_ + qAq + 6C 0 + fiJ+ + z/P} 

f) 197 

{P+ + eP— + qAq + + z/P + 

1) 198 

{P+ + eP_ + aC 0 + /tP|_ + z/P + C1P} 

1)199 

{P+ + eP— + aK 0 + 6C 0 + n J+ + y_J— + } 





































































